DIHEDRAL COVERINGS OF TRIGONAL CURVES 



Alex Degtyarev 

^^v , Abstract. We classify and study trigonal curves in Hirzebruch surfaces admitting 

»vj ' dihedral Galois coverings. As a consequence, we obtain certain restrictions on the 

' fundamental group of a plane curve D with a singular point of multiplicity (deg Z) — 3) . 

\^ • 1. Introduction 

1.1. Motivation. This paper begins a systematic study of the fundamental group 
rn ■ of a trigonal curve in a geometrically ruled rational surface. The main tools used 

.^ I are the braid monodromy, Zariski-van Kampen theorem, and arithmetic properties 

of the modular group F :— PSL{2, Z). 

Originally, my interest in trigonal curves was motivated by my attempts to corn- 
ed . pute the fundamental groups of plane curves, a problem that was first posed by 
O. Zariski [20], [21] in 1930 and that has since been a subject of intensive research 
by a number of mathematicians. Given such a curve D C P^, one can blow up a 
singular point P and, by a sequence of elementary transformations, convert D to a 
^ ■ curve C cT,d in a Hirzebruch surface. If the point P is of multiplicity (deg D — 3), 
OO I then C is a trigonal curve. The fundamental group of D is closely related, although 
CO . not isomorphic, to that of C (see Subsections 6.3 and 6.4 for details), and any 

^— ^ ' information on the former can shed a light on the structure of the latter. Our 

—' ' ..... 

principal result in this direction is Theorem 1.2.6 below. At the same time, it turns 

'^ I out that trigonal curves are of a certain interest on their own right (for example, as 

the ramification loci of elliptic surfaces), and in the framework of trigonal curves 

many statements relating the fundamental group and other geometric properties 

take more precise and complete form, see, e.g., Theorem 1.2.5. 
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1.2. Principal results. Given a trigonal curve C C S^ (see Subsection 2.1 for 
the precise definitions), we will consider both the projective and affine fundamental 



d ' groups 

^g™j := ^i(I]d \ (CUE)), TT^f" := 7ri(Erf x {C U E U F)); 

here i? C S^ is the exceptional section and F C Sd is a fiber of the ruling that is 
nonsingular for C. The latter is a cyclic central extension of the former, and the 
comniutants of the two groups are equal, see Corollary 3.4.5. With the usual abuse 
of the language, we refer to 7rg,''°J and tt^^" as the (fundamental) groups of C rather 
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than mentioning explicitly the complement S^ \ . . . . Similarly, speaking about a 
covering of C, we mean a covering of S^ ramified at C U -E. 

Our main goal is substantiating the following speculation (in which Item (2) is, 
in fact, a statement, see Proposition 3.7.4). 

1.2.1. Speculation. 

(1) There do exist certain strict bounds on the complexity of the fundamental 
group of a trigonal curve; they are due to the fact that the monodromy 
group of such a curve is of genus zero. 

(2) Any trigonal curve C whose group admits a prescribed quotient tt^" -» G 
is essentially induced from a certain universal curve with this property. 

(3) As a consequence, the existence of a quotient tt^" ^> G as above may imply 
certain additional geometric properties of C. 

(4) In particular, the existence of a quotient ttq'^ -» G may imply the existence 
of a larger quotient tt^'" -^ G ^^ G. 

As a first step supporting Speculation 1.2.1, we discuss the generalized dihedral 
quotients of ttJ. Given an abelian group Q, the {generalized) dihedral group D(Q) is 
the semi-direct product Q x Z2, with the factor Z2 acting on the kernel Q via — id. 
We use the standard abbreviation D2„ = D(Z„) for the classical dihedral groups; 
note that, in our notation, the index refers to the order of the group. 

We are interested in the so called uniform dihedral quotients ttJ -^ D(Q), see 
Definition 4.1.2. Roughly, the corresponding covering is required to have the same 
ramification behavior over each irreducible component of C . If C is irreducible, 
then each dihedral quotient of ttJ (respectively, each dihedral covering of C) is 
uniform, sec Proposition 4.1.6. 

1.2.2. Theorem. li the group tt^^" of a nontrivial (see DcBnition 4.4.4) trigonal 
curve C C Sjj admits a uniform quotient B(Q), then Q is a quotient of one of the 
following groups: 

ZaeZs, Z4®Z4, ZaeZg, ZgeZe, Zg, ZgeZg, Zio, Z7. 

All quotients of the groups above do appear. 

1.2.3. Theorem. A trigonal curve C C S^ is reducible {respectively, splits into 
three components) if and only if the group tt^^" admits a quotient to D4 = Z2 ® Z2 
{respectively, to ro(Z2 ® Z2) = Z2 © Z2 ® Z2). 

1.2.4. Corollary. If an irreducible trigonal curve admits a D(Q)-covering, then 
Q is a quotient ofL^ ffi Z3, Zg, Z5 © Z5, or Z7. 

Theorem 1.2.2 and Corollary 1.2.4 are proved in Subsection 4.5; Theorem 1.2.3 
is proved in Subsection 4.3. Note that Theorem 1.2.2, listing a finite set of options, 
is in a sharp contrast with the case of hyperelliptic curves in Hirzebruch surfaces, 
where each dihedral group D2n can appear as a uniform dihedral quotient of the 
fundamental group, see Remark 4.1.5 below. 

One can notice a certain similarity between trigonal curves and plane sextics, 
where the dihedral quotients of the fundamental groups are also known, see [5]. 
Although the particular lists of groups differ, the prime factors appearing in their 
orders are the same: one has p = 3, 5, 7, and, for reducible curves, p — 2. As another 
similarity and, at the same time, an illustration of Statements 1.2.1(3), (4), one has 
the following almost literal translation of the stronger version of Oka's conjecture [9] 
on the Alexander polynomial of an irreducible plane sextic, see [5]. 
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1.2.5. Theorem. For an irreducible trigonal curve C C S^, the following four 
statements are equivalent: 

(1) Trgf"-' factors to the dihedral group Dg — §3; 

(2) n^°^ factors to the modular group F = Z2 * Z3 ; 

(3) t^ — t + 1 divides the Alexander polynomial Ac{t), see Subsection 5.2; 

(4) C is of torus type, see Subsection 2.6. 

This theorem is proved in Subsection 5.3, and its extension to reducible curves 
is discussed in Remark 5.3.1. A number of other examples illustrating 1.2.1(4) are 
found in Section 5, see, e.g., Corollaries 5.5.1 and 5.8.1, and a few more subtle 
geometric properties illustrating 1.2.1(3) (the so called Z-splitting sections) are 
discusses in Subsection 6.2. 

Finally, one has the following application to the fundamental groups of plane 
curves, which were my original motivation for the study of trigonal curves. 

1.2.6. Theorem. Let D C P^ be an irreducible plane curve with a singular point 
of multiplicity {degD — 3). If D admits a ED (Q) -covering, then Q is a quotient of 
one of the groups Z3 ® Z3, Zg, Z5 ® Z5, or Z7. 

This theorem is proved in Subsection 6.4. It is worth mentioning that the funda- 
mental group of any irreducible plane curve D with a singular point of multiplicity 
(degD — 1) is abelian, whereas for each integer m ^ 1 there is an irreducible 
plane curve D with a singular point of multiplicity (deg D — 2) admitting a ©4^-1-2- 
covering. 

1.3. Contents of the paper. In Section 2, we remind a few basic notions and 
facts related to trigonal curves in Hirzebruch surfaces. In Section 3, we discuss the 
braid monodromy and Zariski-van Kampen theorem computing the fundamental 
group, and then introduce the concept and prove the existence of universal trigonal 
curves related to a prescribed monodromy group or a prescribed quotient of tt'^'". 
Section 4 deals with uniform dihedral quotients/coverings. The principal result 
here is the proof of Theorems 1.2.2 and 1.2.3. In the course of the proof, we treat 
the special case of isotrivial curves, which are mostly excluded from the consider- 
ation in the rest of the paper. In Section 5, we discuss the geometric properties 
and fundamental groups of the universal curves corresponding to uniform dihedral 
coverings. The results are applied to illustrate Statements 1.2.1(3) and (4) and, in 
particular, to prove Theorem 1.2.5. Finally, in Section 6 we discuss some further 
applications of the principal results: the relation to the Mordell-Weil group, Z- 
splitting sections of trigonal curves, and extensions to generalized trigonal curves 
and plane curves with deep singularities. 

1.4. Acknowledgements. I am grateful to A. Klyachko for a number of valuable 
discussions concerning the modular group, and to I. Shimada, who brought to my 
attention paper [3] . 

2. Trigonal curves 

We remind the basic notions and facts related to trigonal curves. Important for 
the sequel are the notions of m-Nagata equivalence, induced curves, and trigonal 
curves of torus type. 
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2.1. Trigonal curves in Hirzebruch surfaces. A Hirzebruch surface S^ is a 
geometrically ruled rational surface with an exceptional section E of self- intersection 
—d ^ 0. The fibers of S^ are the fibers of the ruling E^; — > P^. To avoid excessive 
notation, we identify fibers and their images in the base P^. The semigroup of 
classes of effective divisors on S^ is freely generated by the classes \E\ and |F|, 
where F is any fiber. 

A trigonal curve is a reduced curve C C S^ disjoint from the exceptional section 
E C T^d and intersecting each fiber at three points; in other words, C G \3E + 3dF\. 
A trigonal curve is called simple if all its singular points are simple, i.e., those of 
type Ap, p ^ 1, Dg, g ^ 4, Eg, E7, or Eg. 

A singular fiber of a trigonal curve C C Sd is a fiber intersecting C geometrically 
at fewer than three points. For the topological types of singular fibers, we use the 
following notation, referring to the types of the singular points of C (to simplify a 
few statements, we sometimes extend Arnol'd's notation J, E for the non-simple 
triple singular points, see [1], to the type A and D points as well): 

- Aq = Jo.o O-o)'- a nonsingular fiber; 

- Aq = Jq.i (Ii): a simple vertical tangent; 

- Aq* = Eq (II): a vertical inflection tangent; 

- A* = El (III): a node of C with one of the branches vertical; 

- A2 = E2 (IV): a cusp of C with vertical tangent; 

- Ap= Jo,p+i (Ip+i), P ^ 1, 
D, = Ji,,_4 (i;_4),9^4. 

Eg (IV*), E7 (III*), Eg (II*): a simple singular point of C of the same type 
with the minimal possible local intersection index with the fiber; 

- Jr,p, r ^2, p^O, 

E6r+£, r ^ 2, £ = 0, 1, 2: a non-simple singular point of C of the same type. 
For the simple singular fibers we also list parenthetically Kodaira's notation for the 
corresponding singular fiber of the covering elliptic surface. In the case of a simple 
fiber, the A-D-E notation refers as well to the incidence graph of (— 2)-curves in 
the corresponding elliptic fiber; this graph is an affine Dynkin diagram. 
The fibers of type E (including Eq, Ei, and E2) are called exceptional. 

2.2. Nagata transformations. A positive (negative) Nagata transformation is 
the birational transformation S^ --•» Sd±i consisting in blowing up a point P 
on (respectively, not on) the exceptional section E and blowing down the proper 
transform of the fiber through P. An m-fold Nagata transformation is a sequence 
of m Nagata transformations of the same sign over the same point of the base. 

2.2.1. Definition. Two trigonal curves C, C" are called m-Nagata equivalent if 
C" is the proper transform of C under a sequence of ?7i-fold Nagata transformations. 
The special case ?n = 1 is referred to as just Nagata equivalence. 

Pick a fiber _Fo {fiber at infinity), consider the affine chart E^ \ (£■ U Fq), and 
choose affine coordinates {x, y) so that the fibers of the ruling be the vertical lines 
X ~ const. In these coordinates, any trigonal curve C is given by an equation of 
the form X]i=o 2/*^* (•'')' where bi{x) is a polynomial of degree up to d{3 — i). In 
the same coordinates, a positive Nagata transformation is given by the coordinate 
change 

(2.2.2) x = x', y^y'/x' 
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(assuming that the image of the fiber contracted is the origin (x', y') — (0, 0)), and 
the equation of the transform of C is obtained from the original equation of C by 
the substitution and clearing the fractions. A negative Nagata transformation is 
given hy X — x' , y — y'x' . For the result to be disjoint from E, the original curve C 
must have a triple singular point at the origin (the blow-up center); then, after the 
substitution, one can cancel x'^ . 

Under a single positive Nagata transformation, the topological type of the fiber 
affected changes as follows: 

(2.2.3) Jr,p H^ Jr+i,p, r,p > 0, Eer+e ^ E6(r+i)+£, ?- ^ 0, 6 == 0, 1, 2. 

This statement can easily be obtained using (2.2.2) and the local normal forms. In 
each series, there are exactly two simple singularities, those with r — or 1. Each 
series starts with its only type A singularity, corresponding to r = 0. 

2.3. The j-invariant. The {Junctional) j-invariant jc'- ^'^ — > P"'^ of a trigonal 
curve C C Sd is defined as the analytic continuation of the function sending a non- 
singular fiber F to the j-invariant (divided by 12'^) of the elliptic curve covering F 
and ramified at F O {C U E). The curve C is called isotrivial if jc ~ const. Such 
curves are easily enumerated, see Subsection 4.4. 

In appropriate affine coordinates {x, y) as above the curve C can be given by its 
Weierstrafl equation 

(2.3.1) y^ + Mx)y + 2q{x)^Q. 
Then, the j-invariant is given by 

3 

(2.3.2) jc{x) = J-, where A(x) =/ + q^ . 

Up to a constant factor, A(a;) is the discriminant of (2.3.1) with respect to y. 

By definition, jc is invariant under Nagata transformations. Any holomorphic 
map J : P^ — >■ P^ is the j-invariant of a certain trigonal curve C, which is unique up 
to isomorphism and Nagata equivalence. Exceptional singular fibers of C are those 
where j takes value or 1 and has ramification index ^ mod 3 or 7^ mod 2, 
respectively. Singular fibers of type Jr,0: f ^ ^, are not detected by the j-invariant, 
and all other singular fibers of C (those of types Jr,p, J' ^ 0, p ^ 1) are precisely 
those where j takes value 00. At such a fiber, the ramification index of j is p. 

Informally, the j-invariant jc determines the type 3r,p or Egr+e of each singular 
fiber of C up to a choice of the integer r ^ 0. Thus, in order to select a single curve 
in its Nagata equivalence class, one needs to fix its type specification, i.e., select a 
precise type of each singular fiber and, possibly, assign types J^.o (not detected by 
the j-invariant) to a few generic fibers. 

2.4. MELximal curves and skeletons. A non-isotrivial trigonal curve C is called 
maximal if it has the following properties: 

(1) C has no singular fibers of type Jr,o, r ^ 1; 

(2) j = jc has no critical values other than 0, 1, and 00; 

(3) each point in the pull-back j~^(0) has ramification index at most 3; 

(4) each point in the pull-back j^^(l) has ramification index at most 2. 
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An important property of maximal trigonal curves is their rigidity, see [6] : any small 
fiberwise equisingular deformation of such a curve C C S^; is isomorphic to C . Any 
maximal trigonal curve is defined over an algebraic number field. 

The j-invariant of a maximal trigonal curve C can be described by its skeleton, 
which is defined as the embedded bipartite graph Skc := Jc^[0, 1] C 5^ = P^, with 
the •- and o-vertices being the pull-backs of and 1, respectively. By definition, 
all •- (respectively, o-) vertices of Skc are of valency ^ 3 (respectively, ^ 2); in 
the drawings, wc omit bivalent o-vertices, assuming such a vertex at the center of 
each edge connecting two •-vertices. Each connected component of the complement 
S^ \ Skc is a topological disk; hence, instead of the embedding Skc C S"^ one can 
regard Skc as a bipartite ribbon graph of genus zero. 

Each skeleton Sk as above gives rise to a topological ramified covering 5^ ^ P^ . 
By the Riemann existence theorem, the latter is realized by a holomorphic map 
pi _j. pi^ unique up to a Mobius transformation in the source. Hence, the skeleton 
Skc determines jc- The type specification of a maximal trigonal curve C can be 
regarded as a function assigning an integer r ^ to each •-vertex of valency ^ 2, 
each o-vertex of valency 1, and each region of Skc. 

2.5. Induced curves. Consider a Hirzebruch surface S := S^ over a base B = 
P^, let B' = P^ be another rational curve, and let J: B' — > i? be a nonconstant 
holomorphic map. Then the ruled surface S' := J*S over B' is also a Hirzebruch 
surface; it is isomorphic to E^.tjegj- Furthermore, given a trigonal curve C C S, its 
divisorial pull-back C" := ]*C C S' is also a trigonal curve; it is said to be induced 
from C by J or obtained from C by a rational base change. 

In appropriate affine coordinates {x,y) in S and [x' ,y') in S', the ramified cov- 
ering S' — >■ S is the map 

(2.5.1) {x',y')^{x,y)-<''^'''^ ^' 



v{x') V {x') 

here, x and x' are affine parameters in B and B' , respectively, and J is given by 
the reduced fraction j{x') = u{x')/v{x'). An equation for C" is obtained from that 
for C by substituting (2.5.1) and clearing denominators. 

Locally, the substitution is given by (x', y') >-> (x, y) = (a;'™, y'), where m is the 
ramification index of J at x' = 0, and, using local normal forms, one can easily 
find the types of the singular fibers of C" in terms of those of C . Next lemma 
characterizes Kodaira type I fibers, i.e., types A^ and Ap, p ^ 1. 

2.5.2. Lemma. If a trigonal curve C has Kodaira type I singular fibers only, then 
any curve C induced from C by a rational base change j is simple; in fact, C" also 
has Kodaira type I singular fibers only. 

Proof. The proof is a simple computation using local normal forms, as explained 
above. Assume that j sends F' = {x' = 0} to F = {x = 0} and has ramification 
index m at F' . If F is of type Ip+i, p ^ 0, then F' is of type Im(p+i)- If F is of any 
other type, its local normal form is y^ + xa{x,y) and, for any m> Q, the induced 
fiber F' is not simple. D 

2.6. Trigonal curves of torus type. A trigonal curve C in an even Hirzebruch 
surface Yi2k is said to be of torus type if there are sections fi of 0{E + ikF), 
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i — 0,2,3, such that C is the zero set of the section /I + /o/|- Informahy, in afhne 
coordinates (x, y) with E — {y — 00} , the equation of C has the form 

(2.6.1) [y + a2{x)f + [ai{x)y + 03(2;)]^ =- 

for some polynomials fli (x) of degree up to ki, i — 1,2,3. Each representation of the 
equation of C in this form (up to an obvious equivalence) is called a torus structure 
onC. 

2.6.2. Lemma. Torus structures are preserved under rational base changes and 
2-fold Nagata transformations. 

Proof. Consider a rational base change P^ ^- P^ given by x = j(x') := u{x')/v{x'), 
y ~ y' /v^''{x'), see (2.5.1). Substituting to (2.6.1) and clearing denominators, one 
obtains 

(2.6.3) [y' + 4{x')f + [a[{x')y' + a',{x')]^ = 0, 

where a[{x') = ai{u / v)v^^ [x') , i = 1, 2, 3, i.e., again an equation of the form (2.6.1). 

Now, consider a positive 2-fold Nagata transformation x ~ x' , y — y'/x''^, 
see (2.2.2); we can assume that the fiber contracted is over x ~ 0. Substituting and 
clearing denominators, one obtains (2.6.3) with a^(x') — ai{x')x'^, i = 1,2,3. 

Finally, consider a negative 2-fold Nagata transformation; in appropriate afhne 
coordinates it is given hy x = x' , y — y'x'^. For the transform to be disjoint from 
the exceptional section, the singularity of the original curve at the origin must be 
adjacent to J2,0: i■^■^ all terms x'^y^ , 2a + f3 < 6, oi the original equation must 
vanish. Evaluating at x = 0, one can easily see that ai(0) — 02(0) — 03(0) = 0, 
and then, step by step, one can conclude that ai{x) = x^a[{x) for some polynomials 
a^(x), i = 1,2,3. Substituting and cancelling x'®, one arrives at (2.6.3). D 

2.6.4. Remark. If C is the proper transform of a curve C" of torus type under a 
negative Nagata transformation contracting a fiber F, then the divisorial transform 
of C" inherits a torus structure: one has C + sF — {/I + faf^ — 0} for some s ^ 0. 
What is shown in the proof above is that, if after a 2-fold transformation C is still 
disjoint from E, then s — 6 and the curves {/2 — 0} and {/3 = 0} contain F with 
multiplicity at least 2 and 3, respectively, so that 6F can be factored out. 

2.6.5. Lemma. If a trigonal curve C C T,2k is of torus type, there exists a triple 
covering X — > S2fc ramified at C U E with the full monodromy group §3. 

Proof. In affinc coordinates (x, y, z) in C^ x C, the covering surface X is given by 
z"^ + 3(j/ + a2) + 2(aij/ + a3) = 0, sec (2.6.1). More formally, X is the normalization 
of the triple section oi 0{E + kF) given by z^ + 3fof2Z + 2f§f3 = 0. Restricting to a 
generic fiber x = const, one obtains a covering Cx — > P^, where Cx C Si is a trigonal 
curve with the set of singular fibers A| © 3Aq. All such curves are deformation 
equivalent (essentially, they are nodal plane cubics projected from a generic point 
in the tangent to one of the branches at the node) , and their monodromy groups 
are easily shown to equal §3, see Remark 4.3.1 below for details. D 

2.6.6. Remark. If C is irreducible, the converse of Lemma 2.6.5 also holds: it is 
given by Theorem 1.2.5, proved in Subsection 5.3. 
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3. The braid monodromy 



In this section, we define the braid monodromy and its various reductions, cite 
Zariski-van Kampen theorem and its implications for the particular case of trigonal 
curves, introduce the concept of universal curves, and prove their existence. 

3.1. Groups to be considered. Let H = Za® Z6 be a rank 2 free abelian group 
with the skew-symmetric bilinear form /\ "H — > Z given by a • & = 1. We fix the 
notation "H, a, b throughout the paper and define T := SL(2, Z) as the group SpH 
of symplectic auto- isometrics oi H; it is generated by the isometries X, Y: H — > H 
given (in the basis {a, b} above) by the matrices 



X 



-1 1 
-1 



Y 



-1 

1 



One has X'' = id and Y^ = — id. The modular group T := PSL{2, Z) is the quotient 
r/± id. We retain the notation X, Y for the generators of F. One has 

r = (X I X^'* = 1) * (Y I Y^ = 1) ?^ Z3 * Z2. 

The braid group B3 is the group 

B3 = (o-i,cr2 \a-ia2cri == cr2cria2) = {u,v\u^ = w^). 



where u = (T20'i and v = <T2crJ. The center Z(M3) is the infinite cyclic subgroup 



generated by u — v , and the quotient 



the epimorphism 



is isomorphic to T. We define 



r (and further to F) via 



(3.1.1) 



CTi h^XY 



1 1 
1 



, a2 ^ X^YX^i 



1 

-1 2 



Then u 1— > — X^^ and v h- > — Y. This unusual choice of generators is explained in 
Remark 3.3.4 below. 

The braid group B3 acts on the free group (01,02,03) via 

CTi : Oi I— >■ aia20J~ , 0:2 '-^ cti; a 2'- 0-2^-^ 02030!^ , 03 1— >■ 02. 

According to E. Artin [2], B3 can be identified with the group of automorphisms 
of (ai,a2,a3) taking each generator to a conjugate of a generator and preserving 
the product p := aia2a3- In what follows, we fix the notation ^ for the free 
group (ai, Q!2, 0:3) supplied with this B3-action. We do not distinguish between the 
original basis {ai, ^2, 03} and any other basis in its B3-orbit; any basis in the latter 
orbit is called geometric. We also reserve the notation p for the product aia2Ci3- 

The group 3^ is also equipped with a distinguished homomorphism deg: 5^ ^ Z, 
tti H^ 1, which does not depend on the choice of a geometric basis. 

Any finite index subgroup G C B3 must intersect the center Z{M^). We define 
the depth dpG as the minimal positive integer m such that (cr20'i)'^'" G G. 

We are mainly interested in subgroups of B3, F, or F up to conjugation. Given 
two subgroups H, H' C G, we say that H' is subconjugate to H, notation H' ~< H, 
if H' is conjugate in G to a subgroup of H. 
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3.2. Skeletons and genus. Given a finite index subgroup G C F, the quotient 
T/G can be given a natural structure of a bipartite ribbon graph; it is denoted by 
Sk(3 and called the skeleton of G. The set of edges of Sk^ is T/G. This set has a 
canonical left F-action, and we define the •- and o-vertices of Skc as the orbits of X 
and Y, respectively. The cyclic order (the ribbon graph structure) at a trivalent 
•-vertex is given by X^^; all other vertices are at most bivalent, and the cyclic order 
is unique. Alternatively, there is a natural F-action on the infinite Farey tree F (the 
only bipartite tree with all •-vertices of valency 3 and all o-vcrtices of valency 2), 
and one can define Skg as F/G. For more details and all proofs, see [7]. 

By definition, the valency of each •- (respectively, o-) vertex of Sk^ is divisible 
by 3 (respectively, 2). In the drawings, we omit bivalent o-vertices, assuming that 
such a vertex is to be inserted at the middle of each edge connecting two •-vertices. 
Conversely, the set of edges of any bipartite ribbon graph Sk satisfying the above 
valency condition admits a natural F-action, and the stabilizer of a fixed edge of Sk 
is a certain finite index subgroup G C F. One has Sk = Skg. 

3.2.1. Remark. Both skeletons of maximal trigonal curves, see Subsection 2.4, 
and skeletons of subgroups of F defined above are bipartite ribbon graph with all 
•-vertices of valency ^ 3 and all o-vertices of valency ^ 2; in the figures, we use 
the same convention about bivalent o-vertices. Note though that there is a certain 
difference between the two classes: skeletons of trigonal curves are required to be 
of genus zero (due to the fact that we consider curves over a rational base only), 
whereas skeletons of subgroups are not allowed to have bivalent •-vertices. Still, 
the two notions are closely related, cf. Remark 3.3.5 below. 

The monovalent vertices of Sk^j are in a one-to-one correspondence with the 
torsion elements of G, and its regions, i.e., minimal left turn cycles, correspond to 
the conjugacy classes of indivisible parabolic elements of G. If G is torsion free, 
equivalently, if Sk^ has no monovalent vertices, there is a canonical isomorphism 
G = 7ri(SkG). In general, G is isomorphic to an appropriately defined orbifold 
fundamental group TTi''^{Ska). 

3.2.2. Definition. If [F : G] < oo, the genus of the minimal surface supporting 
the skeleton Skg is called the genus of G. The genus of a finite index subgroup 
of F or B3 is defined as the genus of its image in F. 

Genus is nonnegative, invariant under conjugation, and monotonous: one has 
genus(G') > genus(G) > whenever G' ^ G. 

Definition 3.2.2 is equivalent to the classical definition of genus, see Remark 3.5.1 
below. It is worth emphasizing that, when speaking about a subgroup G C B3 of 
genus zero, we always assume that G is of finite index, i.e., G n ^(83) 7^ {1}. 

3.3. Proper sections and braid monodromy. In the exposition below, we 
follow the approach of [4] , which makes certain choices in the definition of braid 
monodromy more canonical. We refer to [4] for most proofs, which are omitted. 

Fix a Hirzebruch surface S^ and a trigonal curve G d 'Sd- The term 'section' 
stands for a continuous section of (a restriction of) the fibration p : E^ — >■ P^ . For 
any fiber F of E^, the complement F° :— F \ E is an affine space over C Hence, 
one can speak about the convex hull of a subset of F°. For a subset S' C E^ \ i^, 
we denote by convp S the convex hull of S' fl F° in F° and let conv S be the union 
of convi? S over all fibers F. 
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3.3.1. Definition. Let A C P^ be a closed topological disk. A section s: A ^ S^ 
of p is called proper if its image is disjoint from both E and conv C. 

Any disk A C P^ admits a proper section s: A — > Efe, unique up to homotopy 
in the class of proper sections. 

Fix a disk A C P^ and let i^i , . . . , Fr e A be all singular and, possibly, some 
nonsingular fibers of C that belong to A. Assume that all these fibers are in the 
interior of A. Let A° = A \ {Fi, . . . , Fr} and fix a reference fiber F e A°. Then, 
given a proper section s, one can define the group irp :— Tri{F° \ C,s{F)) and 
the braid monodromy, which is the anti-homomorphism m: 7ri(A°,_F') -^ Ant-Kp 
sending a loop 7 to the automorphism obtained by dragging F along 7 and keeping 
the reference point in s. 

3.3.2. Definition. Let D be an oriented punctured disk, and let h e dD. A 

geometric basis in _D is a basis {71,... ,7r} for the free group TTi(D,b) formed 
by the classes of positively oriented lassoes about the punctures, pairwise disjoint 
except at the common reference point b and such that 71 . . . 7^ = [dD] . 

Shrink the reference fiber F to a closed disk containing conv^? C in its interior 
and s(F) in its boundary. Pick a geometric basis for irp and identify it with a 
geometric basis {ai, 02,0:3} for ^, establishing an isomorphism irp = ^. Due to 
Artin's theorem [2], under this isomorphism the braid monodromy m takes values 
in the braid group B3 C Aut ^, which explains the term. The B3-valued braid 
monodromy m thus defined is independent of the choice of a proper section, and 
another choice of the geometric bases used for the identification irp — ^ results in 
the global conjugation by a fixed braid /3 <E B3, i.e., in the map 7 M- /3~^m(7)/3. 

3.3.3. Lemma. Assume that the disk A contains all singular Ebcrs of C . Then, 
ill any geometric basis {71,... ,7r-} in A°, the so called monodromy at infinity 
m(7i . . .jr) = m[9A] equals {<T2(Ji)^'^; it is the conjugation by p'^. D 

In what follows, we will take for the disk A the complement of a small regular 
neighborhood of a nonsingular fiber Fq G P^. Due to Lemma 3.3.3, the braid 
monodromy over A factors to an anti-homomorphism m: 7ri(i?°) — > B3/(cr2cri)'^'', 
where _B° = P^ \ Ui=i Pr- This map is independent of the choice of Fq. Its image 
2111x0(83), regarded as a subgroup of B3, is called the monodromy group of C; it is 
defined by C up to conjugation. We will also consider the reductions of m to the 
groups F and F; their images are denoted by 3mc(F) and Dimc(F), respectively. 

3.3.4. Remark. The F-valued braid monodromy m: 7ri(i?°) ^ F is always well 
defined. For a non-isotrivial trigonal curve C, it can be expressed in terms of 
its j-invariant jc- Let By be the Riemann sphere C U {00} = P-'^, and denote 
_Bp — Br \ {0, 1, 00}. The identification of Br with the modular curve F\i5*, see, 
e.g., [16], gives rise to a canonical principal F-bundle over B^, which defines the 
monodromy (anti-) representation mr: Br — > F. Then, up to global conjugation, 
the F-valued braid monodromy of a curve C is the composition mr o (jc)*- This 
fact is well known for the homological invariant of an elliptic surface; the relation 
between the modular representation and the braid monodromy of a trigonal curve 
can be established, e.g., using the computation in [6]. 

Accidentally, it is this reduction that motivates our not quite usual choice of the 
epimorphism B3 ^> F fixed in Subsection 3.1: it is consistent with a canonical basis 
{01,02,03} for TTp constructed in [6] and the basis a = Q!2ai, b = aias for the 
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group H regarded as the l-homology of the double covering of F, see Subsection 4.1 
and (6.1.2) below. 

3.3.5. Remark. It follows, in particular, that the skeleton of a maximal trigonal 
curve without type Eer+2, '' ^ 0, singular fibers, i.e., without bivalent •-vertices, 
can be identified with the skeleton of its monodromy group, see [7]. Hence, such 
a curve is determined by the conjugacy class of its F-valued monodromy group up 
to Nagata equivalence. Furthermore, each genus zero subgroup of T determines a 
unique Nagata equivalence class of maximal trigonal curves; the curve can be made 
unique up to isomorphism if all singular fibers are required to be of type A. 

3.3.6. Lemma. In the notation of Lemma 3.3.3, assume that C is obtained 
from C by a positive Nagata transformation at a fiber Fi, and let m' be the braid 
monodromy of C . Then m'(7j) = Tn(7j) for j ^ i, and m.'(7i) = m{'^i){(T2<Jif' . 

Proof. The statement follows from (2.2.2): the monodromy of C" about Fi differs 
from that of C by an extra full twist, i.e., {(T20'i)^ or the conjugation by p. D 

3.3.7. Remark. According to Lemma 3.3.6, the choice of a type specification 
selecting a curve within its Nagata equivalence class is equivalent to the choice of 
a lift to B3 of the F-valued braid monodromy determined by the j-invariant. 

3.3.8. Lemma. Assume that a trigonal curve C is induced from C by a rational 
base change j: B' -^ B. Then 3mc'(B3) -< 3mc{V>3). 

Proof. The data A', s' , F' necessary to define the monodromy m' of C" can be 
pulled back from those for C; namely, let A' = j~^(A) (formally, with a few extra 
cuts to make it a disk) and s' — j*s and take for F' any fiber in the pull-back of F. 
Then obviously m' — mo j^, and the statement follows. D 

3.4. The Zariski— van Kampen theorem. Consider a trigonal curve C C S^. 
Keeping the notation of Subsection 3.3, fix a nonsingular fiber Fq of C, denote 
hy Fi, . . . , Fr all its singular (and possibly some nonsingular) fibers, identify the 
group of the reference fiber with ^, and let m: 7ri(A°) -^ B3 be the resulting braid 
monodromy. Fix also a geometric basis {71, . . . ,7r} in the punctured disk A° and 
let 7o — (71 . . . 7r)~^: this class is represented by a small loop about Fq. 
The following theorem is essentially contained in [11]. 

3.4.1. Theorem. In the notation above, one has 

'!ri{T,d \ {C U E U \Jl^„ Fr)) = (ai, 02,0:3,70,71, •• • , 7r | 

ir^^j^i = ^i{(^j), * = 1, • • • , ^, .7 = 1, 2, 3, 7o7l . . . 7r/ = 1), 

where xxii = m{"fi), i ~ 1, . . . ,r, and 7^ is a certain lift ofji, i — 0, . . . ,r. D 

Patching back in a fiber Fi, i = 0, . . . ,r, results in an extra relation 7^ = 1. 
Hence, one has the following corollary. 

3.4.2. Corollary. One has 

_afn 
C 

n 

where each braid relation tn(7i) = id should be regarded as a triple of relations 
m{'ji){aj) ~ Uj, j ~ 1,2,3, or, equivalently, as a set of relations m(7i)(a) — a for 
each a Cz (01,02,03). D 



(ai,a2,a3 m(7i) -- 


= id, i = l,.. 


.,r). 


(ai,a2,a3 m(7j) = 


= id, i = l,.. 


.,r,p^ 



P™J = /rv, n,„ n,o I m(^,A = iH 7 = 1 r- n'i = l\ 
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3.4.3. Definition. The presentations of ttJ'" and tt^°^ given by Corollary 3.4.2 
are called geometric. More precisely, a geometric presentation is an epimorphisni 
^ -^ Trgf" or 5^ ^> TrgJ'"-' obtained by identifying a geometric basis in a nonsingular 
fiber _fo and a geometric basis of ^. 

3.4.4. Remark. In other words, Corollary 3.4.2 states that Trgf" is the quotient 
of S^ by the minimal normal subgroup containing g{a)a^^ for all g G Jmd^a) and 
a e 3^, and 7rgf°J is the further quotient of tt^^" by the normal subgroup generated 
by p'^ e TT^f". 

3.4.5. Corollary. Given a trigonal curve C C Sd, the canonical epimorphism 
^c" ^* '^U°' ^'® ^ central extension by the inhnite cyclic subgroup generated by 
p'^ G TT^^". This epimorphisni induces an isomorphism [7rp",7rp"] = [Tr^°^,TT^°^]. 
In particular, the group ttq'^ is abelian if and only if so is 7rgr°J . 

Proof. The element /?'' that normally generates the kernel, see Remark 3.4.4, is 
central due to Lemma 3.3.3. It follows from Corollary 3.4.2 that p'^ is mapped to an 
infinite order element of the abelianization tt^'^ / [tt^'^ , tt^"]. (In particular, p"^ itself 
is of infinite order and the kernel {p'^) is infinite.) Hence, (p'') fl [7r^^'^,7rgf'^] = {1}, 
and the induced homomorphism of the commutants is one-to-one. Since it is also 
onto (as induced by an epimorphism), it is an isomorphism. D 

3.4.6. Corollary. If two trigonal curves C and C are m-Nagata equivalent, the 
quotients of the groups ttq'^ and n^f^ by the commutator subgroups [tt^^", (p™)] are 
canonically isomorphic. 

Proof. Computing the groups modulo the extra relations [a, p™] = 1, a E ^, one 
can reduce the braid monodromy to B3/(CT2cri)^'". According to Lemma 3.3.6, the 
two reductions coincide. D 



3.4.7. Lemma. Assume that a trigonal curve C is induced from a curve C by a 

^afr 



rational base change j: B' -^ B. Then j induces epimorphisms 7r?l" -» tt?!" and 



Trg,™^ -^ ■"'c "■^ compatible with geometric presentations of the groups. 

Proof The statement follows from Corollary 3.4.2 (see also Remark 3.4.4) and 
Lemma 3.3.8. D 

3.5. Universal curves. Recall that there is a canonical faithful discrete action 
of the modular group F on the upper half plane ij := {z G C | Iniz > 0}, so that 
r\^ = C Let Sj° be S) with the orbits of i and exp(27ri/3) removed; the action is 
free on ^°. For a subgroup G C F, denote B^ = G\9f , and let jc : B^ ^ B° :^ 
C \ {0,1} be the projection. One obviously has degjc — [T : G] and the image 
{Jc)*t^i{Bq) C 7ri(_Bp) is the pull-back of G under the modular representation, see 
Remark 3.3.4. If G is of finite index, the Riemann surface Bq can be compactified 
to a ramified covering jg : Bq -^ Bp = P^. In this case, one has Bq — G\Sj* , 
where Sj* = S)UQU {oo}, see, e.g., [16]. 

3.5.1. Remark. The skeleton Ska of a finite index subgroup G C F can be identi- 
fied with the ribbon graph j^^[0, 1] C Bq, the •- and o-vertices being the pull-backs 
of and 1, respectively. Furthermore, since jc is ramified over 0, 1, and oo only, Bq 
is a minimal surface supporting Sk^ and the genus of G given by Definition 3.2.2 
equals the genus of Bq, which is the classical definition. 
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3.5.2. Lemma. Let C be a non-isotrivial trigonal curve over B, and assume that 
3mc(r) -< G for some subgroup G C T. Then the j-invariant jc'- -B ^ P^ factors 
through JG : Bg -^ Br ^ F'^ . 

Proof. Assume that 3mc(r) C G and consider the (ramified) coverings jc'- B ^ P^ 
and JG-. B^ ^ Bp == P^ \ {0, l,oo}. Denote by B^° the base B^ with the critical 
values of jc removed, and let B°(? = Jg^{B^°) and B°° = j-^{B°°), so that the 
restrictions of both jg and jc are unramified. Under an appropriate choice of the 
base points, the image mr o {jg)*{'^i{B°°J) = Jmc(r) c F, see Remark 3.3.4, is 
a subgroup of G. Hence (jc)*(7ri(B°°)) C (jG)*(7ri(i?G°)) = "^r^(G) ^^'^ there is 
a lift j: B°° — > B'^ splitting jc- In particular, [T : G] = degjc ^ degjc < oo 
and the Riemann surface Be is well defined; compactifying all curves, one obtains 
a desired splitting Be -^ Bg ^ Br = P^ □ 

3.5.3. Corollary. The monodromy groups 3mc (T) , JmciT), and Jmci^s) of a 
non-isotrivial trigonal curve C C S^ are subgroups of genus zero. In particular, 
they are of finite index. 

Proof. It suffices to let G = 3mc(r) in Lemma 3.5.2. The subgroup amc(B3) C B3 
is also of finite index as CImcCBa) H ^(83) 7^ {!}, see Lemma 3.3.3. D 

3.5.4. Remark. Note that the monodromy group Dfmc(r) of an isotrivial trigonal 
curve C is always finite cyclic, hence of infinite index, see Subsection 4.4. 

3.5.5. Definition. A curve Cg C S^ — > Be is called a universal trigonal curve 
corresponding to the subgroup G C F if it has the following property: for a non- 
isotrivial trigonal curve G, one has 3mc{T) ^ G if and only if G is Nagata equivalent 
to a curve induced from Cg- 

3.5.6. Corollary. Any genus zero subgroup G C F admits a universal trigonal 
curve Cg C S^j — > Be = P^ {for some d depending on G) with type A singular 
fibers only. Such a universal curve is unique up to isomorphism. 

Proof. One can take for Cc the only trigonal curve determined by the j-invariant 
jc ■ Be -^ P^ and the type specification assigning type A to each singular fiber. 
In other words, Cc is the maximal trigonal curve determined by the skeleton Skg, 
cf. Remark 3.3.5. Then, the 'if part in Definition 3.5.5 follows from Lemmas 3.3.8 
and 3.3.6, and the 'only if part is given by Lemma 3.5.2. D 

3.5.7. Example. The concept of universal curve can be made very explicit in the 
case G = F. In this case j = jc- The 'ultimate' universal trigonal curve Gr C Si 
is the cubic in the blown- up plane Ei given by 

f - 3x(x - l)y + 2x(x - if = 0, 

its j-invariant is the identity function jrix) — x, and its singular fibers are of types 
Aq* (over X — 0), A^ (over x ~ 1), and Aq (over x — 00). It is straightforward 
that the Weierstrafi equation (2.3.1) of any other trigonal curve G is obtained from 
the above equation of Gr by the substitution 

. / X ~ pq 
x^.]c(x), y^^y, 

see (2.3.2), the y-substitution corresponding partially to a sequence of elementary 
Nagata transformations. 
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3.6. Subgroups of B3 and F. Corollary 3.5.6 has counterparts for the braid 
group B3 and the extended modular group F. 

3.6.1. Definition. Let G C IB3 be a subgroup of genus zero, and let m — dpG. 
A trigonal curve Cg C Sd — t- Bq is called a universal trigonal curve corresponding 
to G if it has the following property: for a non-isotrivial trigonal curve C one has 
CJmclBs) ^ G if and only if C is m-Nagata equivalent to a curve induced from Cg- 

3.6.2. Proposition. Any genus zero subgroup G C B3 admits a universal trigonal 
curve; it is unique up to isomorphism and m-Nagata equivalence. 

Proof. It suffices to consider the universal curve C'g' corresponding to the projection 
G' of G to F, see Corollary 3.5.6, and then change the type specification to make 
sure that the new Bs-valued monodromy group is a subgroup of G. D 

3.6.3. Remark. Note that we do not assert that the Ba-valued monodromy group 
3m of the curve Cg constructed in the proof coincides with G. The two groups 
have the same image in F, but dpOfm may be a proper multiple of m. Note, 
however, that one can make the two groups coincide by applying an ?Ti-fold Nagata 
transformation at a nonsingular fiber of Cg, introducing an extra singular fiber 
with the monodromy (cr2cri)^"'. 

Given a subgroup G C F, one can consider its pull-back G C B3 and thus speak 
about a universal trigonal curve Cq corresponding to G. Note that dp G equals 1 
or 2 depending on whether G does or, respectively, does not contain — id. 

3.6.4. Corollary. Any genus zero subgroup G C F admits a simple universal 
trigonal curve Cq. If — id ^ G, sucii a simple curve is unique up to isomorphism. 
If, in addition, all singular fibers of Cq are of Kodaira type 1, then any simple 
non-isotrivial trigonal curve C with Im(7(F) -< C is induced from Cq. 

Proof. It suffices to observe that each series of 2-Nagata equivalent singular fibers 
contains a unique simple one, see (2.2.3), and that any curve induced from a curve 
with Kodaira type I singular fibers only is simple, see Lemma 2.5.2. D 

3.6.5. Remark. The monodromy group of the .simple universal curve given by the 
lemma may be a proper subgroup of the pull-back of G in B3, cf Subsection 5.8 
below. 

3.7. Quotients of the fundamental group. We start with a simple lemma. 

3.7.1. Lemma. Let G x A ^ A, {g,a) 1-^ 9{o), be a group action of a group G 
on a group A, and let K C A be a subgroup. Then the set 

^K '■— {9 ^ G \ g{a)a~^ e K for any a G A} 

is a subgroup of G. Furthermore, for each g E Ik one has g{K) = K. 

Proof. First, we show that g{K) C K for any g E Ik- Indeed, li k E K, then 

g{k) = {g{k)k-') ■ k e K 

as well. Now, if (7, ft, G Xk and a G j4, then 

gh{a)a^ = g{h{a)a^ ) • g{a)a^ G K, 

i.e., gh G Ik, and 

g-\a)a-^ = {g{b)b-^)-^ G K, where b = g-\a), 

i.e., g^^ G Ik- In particular, g^^{K) C K, hence g{K) = K. D 
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3.7.2. Definition. The affine (projective) group tt :— ttJ'" (respectively, Trg.^J) of 
a trigonal curve C is said to factor an epimorphism k: ^ ^^ G (or k is said to factor 
through tt) if k factors through an appropriate geometric presentation of tt, i.e., one 
has k: ^ ^> tt ^> G for some geometric presentation ^ ^> tt and some epimorphism 

TT -^G. 

Fix an epimorphism k: ^ -^ G and let K = KerK C ^. In view of Lemma 3.7.1, 
this subgroup gives rise to a subgroup I^ :— Ik C B3. Due to Corollary 3.4.2 
(see also Remark 3.4.4), n factors through ttJ'" if and only if Imc(B3) -< I^. Thus, 
the following two statements are immediate consequences of Corollary 3.5.3 and 
Proposition 3.6.2, respectively. 

3.7.3. Proposition. An epimorphism k: ^ ^* G factors through the afEne group 
ttq'^ of some non-isotrivial trigonal curve C if and only ifl^, C B3 is a subgroup of 
genus zero. D 

3.7.4. Proposition. Assume that the subgroup I^ C B3 corresponding to an 
epimorphism k: ^ —^> G is of genus zero, and let m = dpX^. Then there exists a 
unique, up to isomorphism and m-Nagata equivalence, trigonal curve C^ with the 
following property: the group tt^" of a non-isotrivial trigonal curve C factors k if 
and only if C is m-Nagata equivalent to a curve induced from C^- D 

Any curve C^ given by Proposition 3.7.4 is called a universal trigonal curve 
corresponding to n. Using Corollaries 3.4.6 and 3.4.7, one arrives at the following 
statement. 

3.7.5. Corollary. The group Trgf" of a non-isotrivial trigonal curve C factors an 
epimorphism k: ^ -*> G if and only if it factors the epimorphism 

S -> <'y{[p"\ a] = 1 -for any a e d) 

induced from a geometric presentation ^ -^ t^c'^, where to = dpZ^ and C^ is [any] 
universal curve corresponding to k. D 

Due to Corollary 3.4.6, the quotient tt^'^/ [tt^'^ , (p™)] in Corollary 3.7.5 does not 
depend on the choice of a universal curve. 

Finally, assume that m — dp Z^ — 2 , i.e.,T^ is the pull-back of a certain subgroup 
of F not containing — id. Then Corollary 3.6.4 asserts that there is a unique, up 
to isomorphism, simple universal trigonal curve C^. Furthermore, combining this 
observation with Corollary 3.4.7, one has the following statement. 

3.7.6. Corollary. Assume that dpZ^ = 2 and that the simple universal curve G^ 
has Kodaira type I singular fibers only. Then the group Trgf" of a simple non- 
isotrivial trigonal curve C factors k if and only if it factors a geometric presentation 
5 -^ TT^f^ of the group ofG^. D 

4. Uniform dihedral quotients 

The principal result of this section is the proof of Theorems 1.2.2 and 1.2.3. In 
Subsection 4.4, we treat in details the case of isotrivial curves, which form a very 
spacial subclass, mostly excluded from the consideration in the previous sections. 
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4.1. Quotients to be considered. Consider the epimorphism deg2: ^ ^> Z2 
given by a I— > dega mod 2. By the Reidemeister-Schreier algorithm (see, e.g., [12]), 
the kernel K :— Kerdeg2 is freely generated by the elements u := a^, vi = aia2, 
V2 '■— a20i\, wi :— aiaa, and W2 '.— 0:301, and the conjugation t by the generator 
of Z2 = ^/ K acts on the abelianization K /[K, K] via u <r^ u, vi ^ V2, wi ^ W2. 

The maximal generalized dihedral group through which deg2 factors is ©("H), 
where H is the quotient of K/[K, K] by the subgroup Im(i + id) and the square of 
(any) representative of the generator of Z2. (Modulo Im(t + id), this square does 
not depend on the choice of a representative.) The computation above shows that 
"H = Za ® Z6, where a := V2 = — wi and b := wi = —W2. In other words, % is the 
abelianization of the group Kerdeg2/(af ,03, a|). 

It follows that any generalized dihedral quotient of ^ that factors deg2 is of the 
form 

(4.1.1) 5 -* ©CH) -^ ©CH/iJ) 

for some subgroup H C H. 

4.1.2. Definition. An epimorphism k: ^ ^> Ii){H/H), H C H, a.s in (4.1.1) is 
called a uniform dihedral quotient of ^. If n factors through a geometric presen- 
tation ^ -» Trgf" of the fundamental group of a trigonal curve C, then ^{H/H) is 
also said to be a uniform dihedral quotient of tt^^", and C itself is said to admit a 
uniform Il)('H/i?)-covering. 

We identify the group "H — TLa © Hh obtained in the previous paragraph with the 
group Ti. introduced in Subsection 3.1. The kernel of the epimorphism '^ -» ©("H) 
is Ba-invariant; hence, the Ba-action on ^ induces a certain action on ©("H). 

4.1.3. Lemma. The induced M^-action on ©("H) = "H xi Z2 splits into the product 
of the canonical representation ofT onli and the trivial action on Z2 . 

Proof. The induced action on "H is well known; it can easily be found by a di- 
rect computation, cf. Remark 3.3.4. The splitting follows from the fact that the 
generator of Z2 admits an invariant representative, namely p. D 

4.1.4. Corollary. Any uniform dihedral quotient of the group Trgf" factors through 
the maximal uniform quotient tt^'" ^> ©(Q), where Q = T-L/H and H is the sum of 
the images luY{g — id) over all g G 3mc(r). D 

4.1.5. Remark. Similarly, for the standard B„-action on the free group F„, one 
can consider the maximal invariant dihedral quotient F„ -» ©("H), Ti, = ®„_iZ. 
Lemma 4.1.3 is in a sharp contrast with the case of n even. For example, if n = 2, 
the induced action on "H = Z is trivial, whereas the action on ©("H) is not. For 
this reason, the maximal uniform dihedral quotient of the fundamental group of a 
hyperelliptic ('bigonal') curve in S^ is not controlled by the always trivial action 
of the monodromy group of the curve on the kernel "H, cf. Subsection 3.1 below. If 
the monodromy group is generated by af , s > 0, the maximal dihedral quotient is 
easily found to be ©2s- In particular, for each integer s > 0, there exists a reducible 
trigonal curve in ^2^ whose fundamental group has a (non- uniform) quotient ©2s . 

Next statement justifies our interest in uniform dihedral quotients; for more 
motivation, see Section 6 below. 



DIHEDRAL COVERINGS OF TRIGONAL CURVES 17 

4.1.6. Proposition. Any generalized dihedral quotient of the fundamental group 
Trgf" of an irreducible trigonal curve C is uniform. 

Proof. If C is irreducible, the abelianization of tt^" equals Z; hence Trgf" admits a 
unique epimorphism to Z2, and this epimorphism factors degj. On the other hand, 
fi>{'H) is the maximal generalized dihedral group through which degg factors. D 

4.2. The monodromy groups. Consider a uniform generalized dihedral quotient 
k: ^ -^ II>{H/H), H CH. Due to Lemma 4.1.3, the subgroup Z^ C B3 introduced 
in Subsection 3.7 is the puUback of the subgroup 

Ih ■■= {.9 e f I Im(.g - id) C F} C f. 

Up to the action of F, one has H = 'L{m,a) ® Z{nb) C 7i = Za Q) Z6, where m, n 
are nonnegative integers and either m = n = OoTm^O and m \ n. Wc consider 
separately the following three cases. 

4.2.1. The case m, = n = 0. In this case H = and Ih — {!}• Hence, I^ C B3 
is the central cyclic subgroup generated by {a2<Ji)^. 

4.2.2. The case m y^ 0, n — 0. In this case, Ih is the infinite cyclic subgroup 
generated by (the image of) cr™- Note that both [F : Ih] and [B3 : I^] are infinite. 

4.2.3. The case m,n y^ 0, m\n. In this case, Ih is the subgroup 

f. / \ fffl bl ~ \ a bl [1*1 1 , n 1 

L m\n) :— < , Gi J ^ n 1 mod n, = U mod m 



(We use the notation of [3].) The image of Fm(n) in F is Tm{n) := Fi(n) n F(to); 
note that Fi(n) is consistent with the conventional notation. Note also that F„(n) 
is the principal congruence subgroup F(n) and Fm(n) D F(n) for any m \ n. In 
particular, all groups Ih obtained in this case are congruence subgroups. 

In the sequel, we use repeatedly the following obvious observation: if 5 e F and 
det(g — id) = d 7^ 0, then Imlg — id) C "H is a subgroup of index d. 

4.2.4. Lemma. Unless m, — 1 and n ^ 3, the group F„i(n) is torsion free. 

Proof. Any torsion element of F is conjugate to either X or Y, and for any lift 
g E r oi such an clement the determinant det(5 — id) takes value 1, 2, or 3. D 

4.2.5. Lemma. The group F„i(n) contains — id if and only if n ^ 2. 

Proof. One has Im[— id — id] = 2T-L. D 

Recall that parabolic elements of F are those of the form ±g, where (7 € F is 
a unipotent matrix, i.e., (g — id)^ — 0. Any unipotent element is conjugate to a 
power of XY (the image of di). Up to ± id, any torsion free genus zero subgroup is 
generated by parabolic elements. 

4.2.6. Lemma. Ifn > 2 and {m,n) 7^ (1,4), then any parabolic element ofFm(ri) 
is unipotent. 

Proof. If 5 G F is unipotent, then dct(— g — id) =4. D 
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4.2.7. Lemma. The group ri(4) has three conjugacy classes of indivisible para- 
bolic elements, those of the images ofai, a2, and cicrl. The first two are unipotent, 
the last one is not. 

Proof. The proof is a direct computation, see, e.g., Figure 2(c) below, where the 
skeleton r/ri(4) is shown. D 

4.3. Proof of Theorem 1.2.3. Consider the epimorphism Bg ^ §3 = f/f (2), 
and let 3mc(§3) C §3 be the image of 3mc(IB3). Geometrically, CJmc(§3) is the 
monodromy group of the ramified covering C — > P^. Hence, C is reducible if and 
only if 3Tn.c(S3) is not transitive, i.e., CJmc(r) -< ri(2), and C splits into three 
components if and only if 3mc(§3) = {!}, i.e., 3mc(r) C r(2). By 4.2.3 above, 
these conditions on !Jmc(r) are equivalent to the existence of uniform D(Z2)- and 
D(Z2 ® Z2)-covcrings, respectively. 

According to Proposition 4.1.6, any dihedral covering of an irreducible trigonal 
curve is uniform. Hence, any curve admitting any D(Z2)-covering is reducible. 

The group D(Z2 ® Z2) = Z2 ® Z2 ® Z2 is abelian with three generators. Hence, 
if Trgf" factors to D(Z2 ® Z2), its abelianization has at least three generators; from 
the Poincarc-Lefschetz duality (applied to the union C U E U F C S^) it follows 
that C must have at least three components. D 

4.3.1. Remark. In the proof of Lemma 2.6.5, we considered a trigonal curve 
Cx C Si with the set of singular fibers A^^ ® 3Ag. Any such curve can be obtained 
by a perturbation from a curve C^ C Si with the singular fibers AJ ® Aq* ® Ag 
(a nodal plane cubic projected from the point of intersection of the tangents to one 
of the branches at the node and one of the inflection points). The skeleton of C'^ 
is the graph o — • corresponding to the full modular group F. Hence, the F-valucd 
monodromy groups of both curves are F and, combining with the epimorphism 
F ^> §3 above, one concludes that the §3-valued groups are §3, as stated. 

4.4. Isotrivial curves. Isotrivial trigonal curves are easily classified and their 
monodromy groups arc easily computed. Depending on the constant jc, one can 
distinguish the following three cases. 

4.4.1. The case jc = 0. One has p{x) = in (2.3.1) and (2.3.2) and the Weier- 
straB equation takes the form y^ + 2q{x) = 0. The monodromy group Jmc{V>3) is 
the cyclic group generated by (cr2tTi)'', where r is the greatest common divisor of 
the multiplicities of the roots of q{x). Hence, 3mc(r) is generated by (—X)'', and 
the maximal uniform dihedral quotient that ttq may have is ©("H/ Im[(— X)*" — id]). 
Note that det[(-X)±i - id] == 1 and det[(-X)±2 _ id] = 3, whereas (-X)'^ = -id. 
Summarizing, one has the following statements: 

(1) if r = mod 6, the maximal uniform quotient is ttq -» ©("H); 

I (J ' admits no nontrivial o 
(4) if r = ±2 mod 6, the maximal generalized dihedral quotient of ttq'^ is Dg. 

In a sense, the curves as in (1) and (2) are degenerate and can be regarded as a 
special case of 4.4.3 below. In cases (3) and (4), the curves are irreducible and all 
their generalized dihedral coverings are uniform. 

Observe that, in case (4), adding an extra relation {a20'i)^ = id, i.e., making p^ 
a central element, one obtains an epimorphism ttq -^ B3 (given by ai,a3 1— >■ cti, 
0^2 I— > (72). Observe also that, in this case, all roots of q have even multiplicities; 



(2) if r = 3 mod 6, the maximal uniform quotient is tt^" ^> D(Z2 ® Z2); 

(3) if r = ±1 mod 6, then tt^'" admits no nontrivial dihedral quotients; 
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hence, one has q — (p for some polynomial q{x) and the equation of the curve has 
the form y^ + {\/2qY ~ 0, i.e., the curve is of torus type, see Subsection 2.6. 

4.4.2. The case jc = 1. One has q{x) ee in (2.3.1) and (2.3.2) and the Wcier- 
strafi equation takes the form y(y^ + 3p(x)) — 0. The monodromy group Dimc(B3) 
is the cyclic group generated by {a2<y\Y , where r is the greatest common divisor of 
the multiplicities of the roots of p(x). Hence, Jmc(r) is generated by (— Y)*", and 
the maximal uniform dihedral quotient that tt^" may have is ©("H/ Im[(— ¥)*" — id]). 
Note that dct[(-Y)±i - id] = 2, whereas (-Y)^ = -id. Thus, one has: 

(1) if r = mod 4, the maximal uniform quotient is Trgf" -^ ©("H); 

(2) if r = 2 mod 4, the maximal uniform quotient is tt^^" -» D(Z2 ® Z2); 

(3) if r = 1 mod 2, the maximal uniform quotient is Trgf" ^> D4. 

As in 4.4.1 above, the curves as in (1) and (2) splitting into three components can 
be regarded as a special case of 4.4.3 below. 

4.4.3. The case jc — const ^ 0,1. In this case, one has p^/q^ = const 7^ 0. 
Hence, there is a polynomial s(x) such that p = as^ and q = /3s^, a,/? = const. 
It is straightforward that the curve is Nagata equivalent to the union of three 
generatrices of the form y — const in Sq. (Occasionally, a curve C of this form may 
have jc = or 1, corresponding to cases 4.4.1(1), (2) and 4.4.2(1), (2), respectively, 
see remarks in the corresponding sections.) Each ?Ti-fold Nagata transformation 
results in a type Jm,o singular fiber. Hence, the set of singular fibers of C is of the 
form ^ Jmi,Oj ^nd the monodromy group 311x1(7(83) is the cyclic group generated 
by (o'2CTi)^'', where r — g.cA.iriii). Thus, the maximal uniform dihedral quotient 
of ttJ'" is P(-H/ Im[(- id)'' - id]). One has: 

(1) if r — mod 2, the maximal uniform quotient is tt^^" -» ©("H); 

(2) if r = 1 mod 2, the maximal uniform quotient is tt^^" -yr ]D)(Z2 ® Z2). 

4.4.4. Definition. A trigonal curve as in 4.4.1(1), 4.4.2(1), or 4.4.3(1) above is 
called trivial. 

Trivial curves are those 2-Nagata equivalent to the union of three 'horizontal' 
generatrices in Eo = P^ x P^. All such curves split into three components, their re- 
valued monodromy groups are trivial, and their fundamental groups admit infinite 
uniform dihedral quotients Trgf" -^ ©(Z © Z). A trivial curve C C S^ can also be 
characterized as follows: d is even and the relatively minimal model of the double 
covering of E^ ramified at CUi^ is a trivial elliptic surface (elliptic curve) x P^. The 
latter can also be described as the only irregular elliptic surfaces (over a rational 
base) or the only elliptic surfaces without singular fibers. 

4.4.5. Remark. It follows that the conclusion of Theorem 1.2.2 holds for any 
nontrivial isotrivial curve. 

4.5. Proof of Theorem 1.2.2 and Corollary 1.2.4. The case of isotrivial 
curves is considered in Subsection 4.4, see Remark 4.4.5. 

Assume that C is non-isotrivial. Due to Proposition 3.7.3, a uniform dihedral 
quotient '^ -» I]){H/ H) factors through tt^^" (for some non-isotrivial curve C) if and 
only if the subgroup Xh C T introduced in Subsection 4.2 is of genus zero. Since the 
cases considered in 4.2.1 and 4.2.2 give rise to subgroups of infinite index, Ih must 
be of the form Vmin) for some TO,n > 0, to | n, the resulting quotient being D2„ if 
TO, = 1 or D(Zm ® Z„) if m > 1. The genera of Tm{n) are computed in [3], and the 
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subgroups of genus zero are precisely those given by Theorem 1.2.2. Alternatively, 
one can observe that, with the exception of ri(l) — F, ri(2), and ri(3), all groups 
Yrain) are torsion free, see Lemma 4.2.4, and refer to the list of torsion free genus 
zero congruence subgroups found in [14]. 

Corollary 1.2.4 follows from Theorems 1.2.2, 1.2.3 and Proposition 4.1.6. D 

5. Properties of universal curves 

We construct the minimal universal curves corresponding to uniform dihedral 
coverings, discuss their geometric properties, and, for the irreducible curves, com- 
pute their fundamental groups. The results are applied to illustrate Statements 
1.2.1(3) and (4) in the introduction (see, e.g.. Corollaries 5.5.1 and 5.8.1) and, in 
particular, to prove Theorem 1.2.5. In Remark 5.8.2, we announce a few further 
results concerning the Alexander polynomial. 

5.1. The universal curves corresponding to dihedral quotients. Consider 
a uniform generalized dihedral quotient k: 5^ ^ ©("H/iJ) and let X^ C P be the 
subgroup introduced in Subsection 4.2. Due to CoroUary 3.6.4, there is a simple 
universal curve Ch corresponding to X^. li Xh ^ —id, this curve is unique up 
to isomorphism; otherwise, Ch is defined up to Nagata equivalence, and one can 
choose all singular fibers of Ch to be of type A. 

All universal curves are maximal. Their skeletons Sk/f C S*^, marked by the 
isomorphism type of the quotient H/H, are shown in Figures 1 (irreducible curves) 
and 2 (reducible curves). We omit the trivial case H = H; the corresponding 
ultimate trigonal curve is discussed in Example 3.5.7. In the figures, the sphere S"^ 
is represented as the quotient space D/dD, where D is the disk bounded by the 
grey dotted circle. 

To complete the description of the universal curves, we need to determine the 
type specifications. This is done in 5.1.1-5.1.4 below. 

5.1.1. The groups Fi(2) and F(2). The skeletons are shown in Figures 2(a) 
and (b), respectively. Both groups contain — id, see Lemma 4.2.5, hence all singular 
fibers can be chosen of type A. Under this convention, both curves are cubics in 
the blown up plane Ei. The sets of singular fibers are A* © Ai © Aq for f i(2) 
and 3Ai for r(2). In view of Theorem 1.2.3, the two curves can be regarded as, 
respectively, the universal reducible trigonal curve and the universal trigonal curve 
split into three components. 

5.1.2. The group ri(4), Figure 2(c). The group does not contain —id, hence 
the curve is unique. Due to Lemma 4.2.7, the type specification is A3 ® D5 Aq. 

5.1.3. The group ri(3), Figure 1(a). The group contains two conjugacy classes 
of torsion elements (the monovalent vertex in the figure), which must be X , 
as det(— X^^ — id) = 1. All parabolic elements are unipotent, see Lemma 4.2.6, 
corresponding to Kodaira type I singular fibers. Hence, the curve belongs to S2 
and its type specification is Eg A2 ® Aq. This curve can be given by the affine 
equation y^ + {y + x)'^ =0; hence it is of torus type. 

5.1.4. Other groups. All other groups are torsion free, see Lemma 4.2.4, do not 
contain — id, see Lemma 4.2.5, and all their parabolic elements are unipotent, see 
Lemma 4.2.6. Hence, all their singular fibers are of Kodaira type I. The curves 
belong to T,d, where 2d is the number of vertices in the corresponding skeleton. 
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(a) Z3 



(b) Z3 ® Z3 



(c) Z5 



(d) Z7 





(e) Zg (f) ZgeZs 

Figure 1. Irreducible universal curves admitting dihedral coverings 



5.2. The Alexander polynomial. In this subsection, we remind the definition 
and basic properties of the Alexander polynomial of an algebraic curve. For more 
details, see A. Libgober [13]. 

Consider a group G and a distinguished epiniorphism k: G ^> Z. Denote by A^ 
the abelianization of the kernel Ker n. The conjugation by the generator of Z 
induces an automorphism t: A^ — > A^, thus making A^ a module over the ring 
A := Z[i^^] of Laurent polynomials in t. The abelian group A^, regarded as a 
A- module, is called the Alexander module of G (more precisely, of n). 

If G is finitely generated, the Reidemeister-Schreier algorithm (see, e.g., [12]) 
asserts that A^ is finitely generated over A. Hence, A„ (g) C is finitely generated 
over the principal ideal domain Ac := C[t^^]. If A^ ® C happens to be a torsion 
module, its order Ak(/:) e Ac is called the Alexander polynomial of G. It is defined 
up to units, i.e., up to multiplication by ct", c G C*, n e Z. Alternatively, under 
the assumptions A^ (8)C is a finite dimensional vector space with an operator t, and 
Ak can be defined as the characteristic polynomial of t. Note that, in fact, t acts 
on the finitely generated free abelian group A„/Tors. Hence, properly normalized, 
Ak is defined over Z. 

Any epimorphism p: G' —>* G oi groups induces an epimorphism A^op -» A^ of 
their Alexander modules, which is A-linear. Hence one has A^ | A^op, provided that 
A^op is defined. 

Given a trigonal curve C C Sd, take for k: tt^" ^> Z the quotient of the degree 
epimorphism deg: 5^ -» Z. The module Ac := A^ is called the Alexander module 
of C. Note that the central element p'^, see Corollary 3.4.5, is mapped to 3d E Z; 
hence, Ac is annihilated by i^'' — 1. Thus, unless C is a trivial curve in Eo, the 
Alexander polynomial Ac(i) := ^nit) is well defined; moreover, it is a product 
of cyclotomic polynomials $m with m \ 3d. Furthermore, since Aj ?^ A © A, each 
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(a) Z2 (b) Z2®Z2 (c) Z4 (d) Z2®Z4 (c) Z4 ® Z4 




(f) Zg 




(g) ZaeZg 




(h) Zio 






(i) Ze (j) Z2®Z6 (k) ZseZe 

Figure 2. Reducible universal curves admitting dihedral coverings 

cyclotomic factor appears in Ac at most twice. 

The following statement is essentially contained in O. Zariski [21]. 

5.2.1. Lemma. If a trigonal curve C is irreducible, then Ac(t) is prime to $1 
and to $m for any prime power m. D 

5.2.2. Lemma. Let m — p'^ be a prime power. If ^2m{t) \ Ac{t), then C admits 
a uniform D2p -covering. In particular, one has p = 2, 3, 5, or 7. 

Proof. If p = 2, the statement follows from Lemma 5.2.1, which asserts that the 
curve is reducible, and Theorem 1.2.3. 

Assume p odd. By the assumption. A' :— Ac/$2m is an infinite abelian group; 
hence one has A" := Homz(A',Zp) 7^ 0. The Z-action on A" factors to an action 
of Z2m = Z2 ® Z„i, the Z2 summand acting via — id. The action of the p-group 
Zm on the p-group A" has an invariant element (j> ^ 0, and the semidirect product 
(A'/ Ker (/)) x Z2 = V)2p is the desired dihedral quotient. D 



5.2.3. Remark. At present, I do not know whether $14 can appear as a factor 
of the Alexander polynomial of 
do appear, see examples below. 



of the Alexander polynomial of a trigonal curve. The factors $6, ^e, ^w, and $^q 



5.2.4. Remark. One has H = A^/{t + 1) and, in view of (4.1.1), the maximal 
uniform dihedral quotient of ttq'^ is ©(Q), where Q = Ac/{t + 1). 
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5.3. Proof of Theorem 1.2.5. The implications (2) => (1) and (2) =» (3) are 

obvious, the implication (4) =^ (1) is given by Lemma 2.6.5, and the implication 
(3) =^ (1) is given by Lemma 5.2.2. It remains to prove that (1) =^ (2), (4). 

If C is isotrivial, the statement is contained in Subsection 4.4, the last paragraph 
of 4.4.1. If C is not isotrivial, it is 2-Nagata equivalent to a curve induced from the 
universal curve C3 described in 5.1.3. The latter is of torus type, hence so is C, see 
Lemma 2.6.2. The braid monodromy of C3 is found using [6] and the skeleton shown 
in Figure 1(a); the monodromy group is generated by cti and crl (the two regions in 
the figure) and the monodromy at infinity (CT2cri)®, see Lemma 3.3.3. The resulting 
aflfine group given by Corollary 3.4.2 is isomorphic to B3, with p^ mapped to {a'2<^i)^, 
and Corollary 3.7.5 implies that Trg,™-' factors to B3/(cr2cri)^ 9^ Z2 * Z3. D 

5.3.1. Remark. It follows from the proof that Theorem 1.2.5 extends to reducible 
curves as well, provided that in Item (1) one speaks about uniform quotients to Bg 
and in Item (2), about quotients 7rg?'°J ^> Z2 * Z3 that further factor to the uniform 
epimorphism Trg,™^ ^> Z2. 

5.4. Fundamental groups of universal curves. In the rest of this section, we 
compute the fundamental groups of the other irreducible universal curves. Our 
principal goal is exploring more examples illustrating Speculation 1.2.1. Besides, 
this computation can also serve as a proof of the fact that the skeletons shown 
in Figure 1 do indeed represent the universal curves, as for each admissible pair 
{m,n), the corresponding skeleton has the correct number of edges [F : Tmin)] and 
the resulting curve is irreducible and admits a B(Zm © Z„)-covering. 

The groups obtained are analyzed using GAP [10]. To facilitate the usage of 
GAP, we consider the projective groups 7rg,''°J rather than the affine ones Trgf": these 
groups have finite abelianizations, hence GAP can easily find their commutants. 

In each case, a presentation for 7r^'^°J is given by Corollary 3.4.2, with the braid 
monodromy computed using the approach of [6] and the skeletons shown in Figure 1. 
The reference fiber _Fo is the trivalent vertex shown in the figures by a grey dot. 
Due to Lemma 3.3.3, in the presence of the relation at infinity /?'' == 1, one of the 
braid relations m{"fi) = id can be ignored. We omit the relation resulting from the 
outermost region of the skeleton (whenever present). 

Each braid relation (resulting from an m-gonal region of the skeleton) has the 
form /i~^cr™/^ — id for some ^ G B3. Given a,/3 e 3^ and a positive integer m, 
introduce the notation 

{{a(3)''{(3a)~'' , li m ~ 2k is even, 

((a/3)'=a)((/3a)'=/3) , if m = 2fc + 1 is odd. 

Then the relation /^^^cr"'/! — id is equivalent to /i{ai,a2}m ~ 1 or, alternatively, 
to {fJ.{ai), 11(02)} m = 1- As a special case, the relation cr™ = id is equivalent to 

{a2,a3}m = 1- 

5.5. The group r(3). The skeleton of C is the tetrahedron shown in Figure 1(b); 
the curve is in E2 and has four type A2 singular fibers. The group n"^"^ is well 
known; various presentations were obtained in a number of papers. Our approach 
gives the relations 

{ai,a2}3 = {a2,a3}3 = {0:3, a2^^aia2}3 = 1, p^ = 1- 

One can easily deduce that Ac = (A ® A)/(t^ - t + 1); hence Ac = (t^ - t + 1)^. 
In view of Corollary 3.7.5, one arrives at the following statement. 
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5.5.1. Corollary. If a trigonal curve C admits a uniform D(Z3 ® 'L^)-covcring, 
tici! (t2-t+ 1)2 I Ac(t). D 

The converse of Corollary 5.5.1 is discussed in Remark 5.8.2 below. 
Recall that the curve C can be given by the affine equation 

V - (24x3 ^ ^^y _^ (g^^6 _^ 20a;3 - 1) = 0. 

The group A4 = PSL(2,F3) of symmetries of the pair (S2,C) produces four non- 
equivalent, although isomorphic, torus structures on C, one for each point of the 
projective line P-'^(F3) or, equivalently, for each epimorphism ©(Zs ® Z3) ^> Dg. In 
view of Lemma 2.6.2, any other curve admitting a uniform D(Z3 © Z3)-covering 
also has at least four non-cquivalcnt torus structures. 

5.6. The groups ri(5) and ri(7). The skeletons of the universal curves are 
shown in Figures 1(c) and (d), respectively. The sets of singular fibers are 2A4©2Aq 
in E2 for ri(5) and SAg SA^ in 1:4 for ri(7). 

These curves do not lead to any surprises: their affine fundamental groups are 
minimal possible, i.e., the semidirect products Z5 xi Z and Z7 xi Z, respectively, the 
abelianization Z acting on the commutant via — id. 

5.7. The group ri(9). The skeleton of C is shown in Figure 1(e); the curve is in 
Sg and its singular fibers are SAg © 2A2 © 3Aq. The relations for 7rg,''°J are 

(J2{oti,a2}<j — <y\{a'i, (a2aiQ:2)^"^ai(a2aiQ:2)}i = 1, ? = 0, 1,2, 
{a2,a3}3 = l, P*^ = 1- 

Denote this group by G. Using the GAP [10] commands 

h := SubgroupCg, [g.l/g.3, g.2/g.3]); # N(h)=[g,g] 
P := PresentationNormalClosureCg, h) ; 
Simplif yPresentation(P) ; 

one finds that the commutant [G, G] is generated by three elements X2, 2:4, xq that 
are subject to the relations (copying verbatim) 

X4 3^2 X4X2 — X A Xo — X4Xe X4 OC^'TqX^ — X2X4 XQX/^Xn X^ — J_ , 

which simplify to 

(X2X^^)3 = [X2,X4] = [X6,X2X4^] = 1. 

Hence, one has [G, G] = {x2,xq) x Z3, with the Z3 factor generated by X2X^"'^. It 
follows that Ac = Z © Z © Z3 as a group and Ac(t) = i^ - t + 1. 

A similar computation for the group G :— G/p^ shows that [G, G] = [G, G]; since 
the groups are Hopfian, the epimorphism [G, G] ^> [G, G] is an isomorphism. Due 
to Corollary 3.7.5, the affine fundamental group of any trigonal curve admitting a 
uniform Dig-covering factors to tt^'" = (F2 x Z3) x: Z, where F2 is the free group 
on two generators. 
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5.8. The group r(5). The skeleton is the dodecahedron shown in Figure 1(f). 
The curve is in Sio and has twelve type A4 singular fibers. The relations for 7rgr°J 
are 

al{ai,a2}5 = cr\{a^, (aia2)"^a2(aiQ:2)}5 = 1, « = 0, . . . , 4, 

{"2,0315 = 1, P^° == 1- 

Denote this group by G, and let Ga = G/a^ and G = G/p^. Using GAP [10], one 
can easily obtain the following statements (where ' stands for the commutant): 

(1) G'/G"^G'JGl^®^I.- 

(2) G'/G" ?^ Z5 ® Z5 and G"/G"' = 06 Z5. 

Since the Alexander module of Ga is obviously a quotient of both (A© A)/$io and 
Ac, it follows from (1) that Ac = (A® A)/$io and Ac(t) = $?o(*)- Statement (2) 
sheds certain light on the structure of G; the group appears infinite, but I do not 
know a proof: my computer runs out of memory while trying to compute G'" . 

It is also immediate that the epimorphism G' -^ G' is not an isomorphism. 
Hence, the monodromy group CJmc(B3) of the simple universal curve is a proper 
subgroup of the pull-back of r(5) in B3, c/. Remark 3.6.5. 

Due to Corollary 3.7.5, the fundamental group of any trigonal curve admitting 
a uniform D(Z5 ® Z5)-covering factors to G; due to Corollary 3.7.6, the group of 
any simple curve with this property factors to G. 

5.8.1. Corollary. For a simple irreducible trigonal curve C , consider the following 
properties: 

(1) 7rg,™J factors to D(Z5 ® Z5); 

(2) it^-t^+t^-t+l)^\Ac{t); 

(3) {t^-t^+t^-t+l)\Acity, 

(4) 7rg,™J factors to Diq. 

Tlien (1) ^ (2) ^ (3) ^ (4). 

Proof. The first implication follows from the computation above and Corollary 
3.7.6, the second one is obvious, and the last one is given by Lemma 5.2.2. D 

5.8.2. Remark. It can be shown that the converse implication 5.8.1(2) =^ (1), 
as well as the converse of Corollary 5.5.1, also hold; proof will appear elsewhere. In 
fact, the Alexander polynomial of a non-isotrivial trigonal curve cannot be divisible 
by $2^(t) unless m = 2, 4, 6, 8, or 10. 

5.8.3. Remark. Perturbing the type A4 singular fiber in the central region of 
Figure 1(f) to five type A^ fibers, one adds to the presentation above the relation 
0:2 = c(3- Using GAP [10], it is easy to see that the Alexander polynomial of the 
resulting curve is $10 (t). In particular, both implications (2) =^ (3) =^ (4) in 
Corollary 5.8.1 are strict. 

6. Further applications 

In Subsection 6.1, we relate the maximal uniform dihedral quotient of tt^^" to 
the homology and the torsion of the Mordell-Weil group of the covering elliptic 
surface. In Subsection 6.2, this relation is used in the study of another geometric 
property of the curve, its so called Z-splitting sections. Finally, in Subsections 6.3 
and 6.4, we discuss the extent to which the results of the paper apply to generalized 
trigonal curves and prove Theorem 1.2.6. 
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6.1. The topological interpretation of uniform dihedral quotients. Fix a 

trigonal curve C C T,d- Assume that d = 2fc is even. Then there exists a unique 
double covering X ^^ Yjd ramified at C + E. Denote by X = Xc the minimal 
resolution of singularities of X, and \ct Fi C X, i ^ 0, ... ,r, be the preimages 
of the fibers Fi introduced in Subsection 3.3, i.e., a nonsingular fiber Fq and all 
singular (and possibly more nonsingular) fibers Fi, . . . , Fr. The pull-backs of C 
and E in X are identified with C and E themselves. Note that X is a Jacobian 
elliptic surface (not necessarily relatively minimal) and E is its section; one has 
E^ = ~k in X. 

Denote F* = IJ-^^ F, and X° = X \ F^, and let j, e Hi{X° \ E) be the class 
realized by the meridian about the proper pull-back of -Fi, i ~ 1, . . . ,r; this class 
can also be realized by any lift of the element ji of any geometric basis {71, ... , 7r} 
as in Subsections 3.3 and 3.4. 

Keeping in mind further applications, fix the following notation: 

- Sc C H2{X) is the subgroup spanned by the classes of the components of 
the singular fibers Fi, i = 1, . . . , r, and the section E; 

- S^ = {Sc «> Q) n H2{X) is the primitive hull of Sc] 

- JCc ~ S)j/Sc; 

- Qc is the group Q = H/H given by Corollary 4.1.4. 

Thus, Sc is the image of the inclusion homomorphism in* : H2{F^ U -B) — > H2{X), 
and ICc measures the imprimitivity of this image. The subgroup Sq C H2{X) can 
be regarded as the 'minimal' Neron-Sevcri group, i.e., the Neron-Severi group of 
the surface X obtained from a curve generic in its equisingular fibcrwise deformation 
family. 

6.1.1. Lemma. There are canonical isomorphisms 

Hi{X°) = Hi{X° \E) = Qc(SZ, 

where Z is the free abehan group ®i^i ^7i/ X]i=i 7i- T'he deck translation acts 
via id and — id on Z and Qc, respectively. 

Proof. The statement is immediate both algebraically, using Theorem 3.4.1, and 
topologically, computing the 1-homology of the locally trivial fibration X° — )■ B° 
or X° \ _B — > B° using its monodromy. In both approaches, crucial is the fact that 
the monodromy in the homology 

(6.1.2) H = Hi{F) = Hi{F\E) = Kerdeg^/ {oil, 01%, al), 

see Subsection 4.1, of the pull-back of a reference fiber F (the homological invariant 
of the elliptic surface X) is the F-valued reduction of the braid monodromy of C, 
see Lemma 4.1.3. Note also that p^ projects to G i/i(F \ E), hence the relation 
at infinity becomes redundant. D 

6.1.3. Corollary. Unless C is trivial, there is an isomorphism Qc = Ext(/Cc,Z). 

Proof. Since C is nontrivial, so is X and Hi{X) = 0. From the Poincarc-Lefschetz 
duality and the exact sequence of pair (X , F^,) one has 

Hi{X° \E)= Coker[in* : H^{X) -^ H^{F^ U E)]. 

Since all homology groups involved are torsion free, the torsion of the last cokernel 
equals Ext(/Cc7^)- On the other hand, due to Lemma 6.1.1 and the fact that Qc 
is a torsion group, sec Theorem 1.2.2, one has Qc = Tors Hi{X° \ E). D 
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6.1.4. Remark. Since both Qc and ICc are finite groups, the isomorphism given 
by Corollary 6.1.3 can be rewritten in the form Qc — Hom(/C(7: Q/^) or, in other 
words, there is a nonsingular pairing Qc ® ICc — > Q/^. Hence, conversely, one has 
ICc = Hom(Qc, 



6.1.5. Corollary. Assume that the trigonal curve C C I^2k is nontrivial. Then 
the map sending a section of X to its homology class establishes isomorphisms 
Tors MW(X) =ICc = Hom(Qc, Q/Z), where MW is the Mordell-Weil group. 

Proof. According to T. Shioda [17], since Hi{X) = 0, the map above establishes an 
isomorphism MW{X) = NS{X)/Sc and, since NS{X) is primitive in H2{X), one has 
Tors MW(1) == ToTs{H2{X)/Sc) = ICc- It remains to apply CoroUary 6.1.3. D 

As a further consequence, we obtain the following known theorem. 

6.1.6. Theorem (D. A. Cox, W. R. Parry [3]). The torsion of the Mordell-Weil 
group of a non-trivial Jacobian elliptic surface over a rational base is isomorphic to 
one of the groups Q given by Theorem 1.2.2. D 

6.2. Z-splitting sections. The notion of Z-splitting curves was introduced by 
I. Shimada in [15]; we remind the definition of [15], modifying it for the case of 
trigonal curves and splitting sections. Splitting, although not Z-splitting, sections 
for trigonal curves were also studied in [18] and [19]. 

We keep the setting and the notation of Subsection 6.1 and assume that the 
trigonal curve C C Sd, d = 2k, is nontrivial. Now, the word 'section' stands for a 
holomorphic section of the ruling S^; — > P^. 

6.2.1. Definition. A section L C Sd is called splitting for C if the proper trans- 
form of L in X splits into two distinct components L_|_ and L_. A splitting section 
is called pre- Z -splitting if [L±\ G Sc', in this case, the order of [L±] in the finite 
group K-c = Sc/Sc is called the class order of L. Finally, a pre-Z-splitting section 
is called Z -splitting if [L+] 7^ [L-]- 

Informally, Z-splitting sections are those that remain stable under equisingular 
fiberwise deformations of the curve, as one always has S^ C NS{X). Note though 
that, in the exceptional case C C S2, when X is rational, the curve may have other 
stable splitting sections, which are not Z-splitting. 

Clearly, the components L± of the pull-back of a splitting section L form a pair 
of sections of the Jacobian elliptic surface X; they are interchanged by the deck 
translation. Conversely, any section of X that is not deck translation invariant 
projects to a splitting section for C. Since a section of X is uniquely determined 
by its homology class, see [17], the last condition [_L+] 7^ [_L_] in Definition 6.2.1 
is redundant and any pre-Z-splitting section is Z-splitting. Finally, according to 
Corollary 6.1.5, a splitting section is .Z-splitting if and only if the components L± 
are torsion elements of MW{X), and the class order of L equals the order of L± in 
MW{X). Combining, one arrives at the following statement. 

6.2.2. Theorem. There is a canonical one-to-one correspondence between the set 
of Z -splitting sections of a nontrivial trigonal curve C and the set of unordered pairs 
of distinct opposite elements of ICc = Hom(Qc,Q/Z). D 

It follows that the number of Z-splitting sections for C is idQ^I — \Qc ^^21)- 
In particular, an irreducible curve may have zero to four or twelve such sections. 
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If C is reducible, the group 'i{oTa{Qc:^/1j) has one or three elements of order 2, 
see Theorem 1.2.3; they represent deck translation invariant sections of X. Clearly, 
these sections are the components of C that are sections of S^. 

Corollary 3.6.4 gives one a very explicit description of Z-splitting sections: each 
such section i is a pull-back and/or Nagata transform of a Z-splitting section L' for 
an appropriate universal curve; we will say that L is induced from L' . Indeed, all 
sections obtained in this way are Z-splitting, and their number equals that given by 
Theorem 6.2.2. Furthermore, an order m element of /Cc — Hom(Qc',Q/Z) can be 
regarded as an epimorphism Qc — > Z^; hence the corresponding Z-splitting section 
of class order m is induced from a section for the universal curve Cm corresponding 
to ri(TO). Thus, there is a finite list of essentially distinct Z-splitting sections. 

Any Z-splitting section of class order 3 is the section y + a2 (x) — appearing in 
the corresponding torus structure, see (2.6.1). For proof, it suffices to check that 
the section y = is Z-splitting for the universal curve C3 = {y^ + {y + x)"^ = 0} 
corresponding to ri(3), see 5.1.3 and Figure 1(a). 

The curve C5 C S2, see Figure 1(c), can be given by the Weierstrafi equation 
(2.3.1) with 

-4p(x) ^x^ - 12x3 _^ j^4^2 _^ ^2x + 1, 

8(7(x) ^ (x^ + l)(x'' - 18x3 + 74.x2 + 18x + 1), 

and any Z-splitting section of class order 5 is induced from one of the two sections 
for C5; they are given by 2j/ = x^ ± 6x + 1. Each of these sections passes through 
both type A4 singular points of C5 and is tangent to C5 at one of these points. 
Note that the two Z-splitting sections are interchanged by the involutivc symmetry 
(x,2/) I— 7- (l/x,2//x^) of C5, constituting a single isomorphism class. 

The curve C4 C S2, see Figure 2(c), is given by (j/^ — 4x)(2/ — x — 1) — 0, and 
its Z-splitting section of class order 4 is j/ = 2; it passes through the type A3 point 
of C4 (over X = 1) and is tangent to the cusp at its type D5 point (over x = 00). 

The curve Cg C S2, see Figure 2(i), is given by (y^ — x)(j/ — l{x)) = 0, where 
IQl =- — 16x^ + 24x + 3. Its Z-splitting section of class order 3 (the one arising 
from the torus structure) is 4j/ = 4x + 1; it passes through the type A2 singular 
point of Cg (over x — 00) and is tangent to Cg at its type A5 singular point (over 
X — 1/4). The Z-splitting section of class order 6 is 4j/ = — 4x-|-3; it passes through 
all three singular points of Cg, including the type Ai point over x = 9/4. 

For the remaining class orders 7, 8, 9, and 10, I do not know explicit equations 
of the corresponding curves. Using Nikulin's theory of discriminant forms, it is not 
difficult do determine how a Z-splitting section should pass through the singularities 
of Cm\ I leave this computation to the reader. 

6.3. Generalized trigonal curves. By a generalized trigonal curve we mean a 
reduced curve C C Sd with the following properties: 

(1) C does not contain a fiber of S^; as a component; 

(2) C intersects each fiber of S^; at three points. 

Thus, unlike genuine trigonal curves defined in Subsection 2.1, a generalized trigonal 
curve is allowed to meet the exceptional section E. A singular fiber of a generalized 
trigonal curve C C S^; is a fiber of S^ intersecting C + E geometrically at fewer 
than four points. 

As in the case of genuine trigonal curves, see Subsection 1.2, we will consider 
both the projective fundamental group 7rg,™J :— TTi(T^d \ (C U E)) and the affine 
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group TTp" :— 7ri(Ed \ {C Li E Li F)), where F C Sd is a generic nonsingular fiber. 
By a sequence of positive Nagata transformations, any generalized trigonal curve 
C C S := Sd can be transformed to a genuine trigonal curve C" C S' := E^/ for 
some d' ^ d. The latter is called a trigonal model of C; it is defined up to Nagata 
equivalence of trigonal curves. Let _Fi, z = 1, . . . ,r, be all fibers that are singular 
to either C or C", and let Fq be a common nonsingular fiber. (Recall that we 
identify fibers of the ruling and their projections to the base. Hence, we can also 
identify fibers of S and those of S'.) The Nagata transformations used establish a 
biholomorphism 

r r 

E\{CUEu\jFr))'^E' \{C'UEu[j Frj), 

hence an isomorphism of the respective fundamental groups. Thus, the presentation 
given by Theorem 3.4.1 still holds for a generalized trigonal curve C, assuming that 
the braid monodromy m is defined using a trigonal model C . 

6.3.1. Remark. The braid monodromy m does depend on the trigonal model C". 
Nevertheless, the presentations given by Theorem 3.4.1 result in isomorphic groups: 
they differ by the lifts 7^. A positive Nagata transformation contracting fiber Fi 
multiplies rrii by {a2<yi)^, and the new lift of 7^ is jip^^. 

Fix a trigonal model C" and a geometric basis {71, . . . , 7^} as in Subsection 3.3. 
Then, to each basis element 7^ one can assign a slope yti G 3^, see [8] . (Note that the 
slope depends on both the curve C" and generator 7^.) According to [8], patching 
back in a fiber Fi results in an extra relation 7^X4 = 1. Finally, Corollary 3.4.2 
takes the following form. 

6.3.2. Corollary. For a generalized trigonal curve C, geometric presentations of 
the afEne and projective fundamental groups are as follows: 

^proi ^afn//,^ ^^ ^d' \ 

^C ^^C l\^r ■ ■■>i\P }, 

where the monodromies rrii G B3 aud slopes Xi Cz S, i — 1, . . . ,r, are defined using 
a trigonal model C C Sd' . □ 

It is shown in [8] that tt^'" is an extension of tt^°^ by a central infinite cyclic 
subgroup. In particular, the commutants of the two groups are isomorphic. 

6.3.3. Definition. A sequence of Nagata transformations converting a generalized 
trigonal curve C to a trigonal model C" is called even if all slopes Xi are of even 
degree. (This property is independent of the choice of a basis {71, . . . , 7^}, see [8].) 
If this is the case, C" is called an even trigonal model of C. 

It is easy to see that a trigonal model of C is even if and only if it differs from 
the divisorial transform of C by an even divisor. (For example, one can use the 
computation of local slopes found in [8].) A trigonal model of a genuine trigonal 
curve C is even if and only if it is 2-Nagata equivalent to C; in particular, all even 
trigonal models of any curve C are 2-Nagata equivalent. Any generalized trigonal 
curve admits an even trigonal model: each slope Xi of odd degree can be corrected 
by a single Nagata transformation in the corresponding fiber: it multiplies >Ci by p. 



30 ALEX DEGTYAREV 

Consider the maximal uniform dihedral quotient "S -^ 1D)('H), see Subsection 4.1, 
and, for an element a € 5^ of even degree, denote by a e H its projection to "H. 

Fix a generalized trigonal curve C and pick an even trigonal model C" of C. 
Denote by ^j, i = 1, . . . ,r, the slopes and let tt^J" -» ID)(Q')> 2' = 'H/H, be the 
maximal uniform dihedral quotient, see Corollary 4.1 A. 

6.3.4. Theorem. In the notation above, the maximal uniform dihedral quotient 
of the afEne group Trjf'^ is ©(Q'^f"), where Q^^^" = Q7{2k,), i ^ 1,... ,r. If, in 
addition, C C Sd' with d! = 2k even, then the maximal uniform dihedral quotient 
of the projective group 7rg,™J is ©(S^^J), where QP™J ^ Q'^^'^/{^i + ... + ^r)- 

Proof. The statement follows from Corollary 6.3.2. For the projective group 7rg,''°J, 
it suffices to consider the braid relations Xiax^ = mi{a) for a G ^ a.n element of 
even degree and for a = p. In the former case, one has iiiCtk^ — mi{a), where rfii 
is the induced automorphism of "H. Since H is abelian, this implies the relations 
rfii = id, which define Q', see Corollary 4.1.4. In the latter case, since mi{p) = p 
and p^^kip ~ —>ii in "H (the definition of dihedral groups; recall that deg2 p — 1), 
one has 2yci = 0. For the projective group, since d! is even and (/5^)~ = 0, the 
relation at infinity results in iiri + . . . + iir^ = 0. D 

6.3.5. Remark. If d! is odd in Theorem 6.3.4, then the maximal uniform cyclic 
quotient of 7rg,''°J is of odd order and 7rg?'°-' has no dihedral quotients. 

A generalized trigonal curve is called trivial if its even trigonal models are trivial. 

6.3.6. Corollary. Theorems 1.2.2 and 1.2.3 and Corollary 1.2.4 hold literally for 
generalized trigonal curves. D 

6.4. Proof of Theorem 1.2.6. Blow up a singular point of D of multiplicity 
(dcgD — 3). The result is the Hirzebruch surface Si, and the proper transform 
of D is a generalized trigonal curve C C Si. The projection Si -^ P^ restricts 
to a biholomorphism 'Ei \ {C U E) = P^ \ D, hence inducing an isomorphism 
Trg,™-' — 7ri(P^ \ D), and the statement follows from Corollary 6.3.6. D 

6.4.1. Example. Take for D C P^ the three cuspidal quartic. As is well known, 
7ri(P^ \ D) is the alternating group A4, and the maximal dihedral quotient of 
this group is Dg- Any smooth point P E D can be taken for the distinguished 
'singular' point of multiplicity {degD — 3) = 1. Hence the curve satisfies the 
hypotheses of Theorem 1.2.6. However, in spite of the existence of a Dg-covering, 
Statement 1.2.5(1), none of the other statements of Theorem 1.2.5 holds for D. 

If the point P to be blown up is generic, the minimal trigonal model of D 
is a curve C" C S2 with the set of singular fibers 3A2 ® Ai ® Aq. Up to 2- 
Nagata equivalence, C" is induced from the universal curve corresponding to ri(3), 
see 5.1.3. If P is in the double tangent to D, the trigonal model is the universal 
curve corresponding to r(3), see Subsection 5.5. 

6.5. Speculation 1.2.1 for generalized trigonal curves. We conclude with a 
few remarks concerning extending Statements 1.2.1(2)-(4) to generalized trigonal 
curves and, in particular, to plane curves with a singular point of multiplicity 
(deg — 3) (which can be regarded as generalized trigonal curves in Si). We keep 
the notation of Theorem 6.3.4: C C S^ is a generalized trigonal curve, C" C S^/ 
is an even trigonal model of C, and Q' and Q^*" ~ Q'/{2ki), i — 1, . . . ,r, are the 
abelian groups appearing in the maximal uniform dihedral quotients tt^" -» D(Q') 
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and Trgf" ^> ©(Q^*"). One has an epimorphism Q! -» Q^*"; in general, it may be 
proper. 

6.5.1. Relation to universal curves. The existence of a uniform dihedral quo- 
tient TTp" -y> D(Z„i0Z„), TO|n, still implies that, up to even Nagata equivalence, C 
is induced from the universal curve corresponding to Ym(n)- However, the converse 
is no longer true and Corollaries 3.7.5 and 3.7.6 may fail, c/. Example 6.4.1. The 
Alexander polynomial may also change. 

6.5.2. Torus structures. Torus structures do not survive in C: in general, one 
can only assert that the sum of C with a certain linear combination of fibers is a 
curve of torus type (in the obvious sense), see Remark 2.6.4. For example, the three 
cuspidal quartic D in Example 6.4.1 is not of torus type but, for any tangent L 
to £>, the sextic £> + 2L is of torus type. (After the tangency point is blown up, 
L becomes the fiber contracted by the Nagata transformation.) If L is the (only) 
double tangent to D, then D + 2L admits four non-equivalent torus structures, as 
in this case the trigonal model of D is the universal curve corresponding to r(3), 
see Subsection 5.5. 

6.5.3. Z-splitting sections. Clearly, the Z-splitting sections for C are precisely 
the transforms of those for C", the correspondence preserving the class order; in 
fact, under an even sequence of Nagata transformations, the corresponding double 
coverings X and X' differ at most by a few blow-ups at nonsingular points. Hence, 
the Z-splitting sections of C are enumerated by pairs of distinct opposite elements 
of Hom(Q',Q/Z), see Theorem 6.2.2, but, in general, not of Hom(Q^f", Q/Z). It 
may happen that C has Z-splitting sections but Q**^" = 0, i.e., tt^^" does not admit 
a single dihedral quotient. 
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